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By numerically exact calculations of spin-1/2 antiferromagnetic Heisenberg models on small clusters, we
demonstrate that quantum entanglement between subsystems A and B in a pure ground state of a whole system
A + B can induce thermal equilibrium in subsystem A. Temperature TA of subsystem A is not a parameter but
can be determined from the entanglement von Neumann entropy SA and the total energy EA of subsystem A cal-
culated for the ground state of the whole system. Temperature TA is essentially identical to the thermodynamic
temperature, for which the entropy and the internal energy evaluated using the canonical ensemble in statistical
mechanics for the isolated subsystem A are almost indistinguishable numerically from the entanglement entropy
SA and the total energy EA of subsystem A. Fidelity calculations ascertain that the reduced density matrix op-
erator of subsystem A for the pure but entangled ground state of the whole system A + B is almost identical to
the Gibbs state (i.e., thermodynamic density matrix operator) of subsystem A at temperature TA. We argue that
quantum fluctuation in an entangled pure state can mimic thermal fluctuation in a subsystem. We also provide
two simple but nontrivial examples of free bosons and free fermions for which these statements can be exactly
proved analytically. We furthermore discuss implications and possible applications of our finding.
I. INTRODUCTION
How thermal equilibrium arises in a pure quantum state has
been an attractive subject of study in statistical mechanics [1].
This is often addressed by examining how the time average of
an expectation value of observable for a pure quantum state
after relaxation dynamics approaches an ensemble average of
the corresponding observable [2–8]. Recently, the eigenstate-
thermalization hypothesis (ETH) [9–13] is widely exploited
as a useful concept for investigating the thermalization in iso-
lated quantum systems. The ETH hypothesizes that expecta-
tion values of few-body observables with respect to energy
eigenstates in a given energy shell behave as microcanoni-
cal expectation values of the corresponding energy shell (see
Ref. [14] for details). However, not all quantum states satisfy
the ETH [15] and systems that do not follow the ETH can be
systematically constructed [16, 17].
The typicality [18–21], which characterizes thermal equi-
librium rather than thermalization, is also considered as an
important concept for foundation of statistical mechanics. The
typicality states that for almost every pure state randomly
sampled from the Hilbert space, a single measurement of ob-
servable converges to the corresponding statistical expecta-
tion value with probability close to 1 (see Ref. [22] for de-
tail). Based on the typicality, it has been shown that statis-
tical mechanics can be formulated in terms of the thermal
pure quantum (TPQ) states [23–25], rather than conventional
mixed states. Note that construction of a TPQ state involves
multiplications of Hamiltonian in non-unitary forms.
Another key ingredient for foundation of statistical me-
chanics from a quantum-mechanical point of view is the en-
tanglement [18]. Consider a normalized pure state |Ψ〉 in
a Hilbert space H , and divide the Hilbert space into two,
H = HA ⊗ HB. The reduced density matrix operator ρˆA
on HA is defined as ρˆA = TrB[|Ψ〉〈Ψ|], where TrB[·] denotes
the trace over HB. Since ρˆA is hermitian (ρˆ†A = ρˆA), positive
semidefinite (ρˆA > 0), and normalized (TrA[ρˆA] = 1), it has
the form of ρˆA = exp(−IˆA) with IˆA being a hermitian opera-
tor onHA. IˆA is referred to as entanglement Hamiltonian and
its spectrum [26] is the entanglement spectrum. Following Li
and Haldane [27], one can consider ρˆA as the Gibbs state of
“Hamiltonian” IˆA at “temperature” T = 1.
The entanglement Hamiltonian or the entanglement spec-
trum has been studied for various quantum states, such as the
quantum Hall state [26, 28], Tomonaga-Luttinger liquids [29,
30], the ground state of the Heisenberg model [31, 32], the
ground state of the Hubbard model [33], the ground states in
different phases of magnetic impurity models [34, 35], and
the valence-bond solid states [36], either by numerical or an-
alytical techniques. Remarkably, it has been shown for the
quantum Hall state that the entanglement Hamiltonian is pro-
portional to the Hamiltonian at the boundary [28]. Also, near
the limit of maximal entanglement under certain conditions,
a proportionality between the entanglement Hamiltonian and
the Hamiltonian of a subsystem has been found [37]. These
results imply a possibility to find a physical interpretation
for the entanglement Hamiltonian, at least, in some cases.
Moreover, a recent cold-atom experiment [38] has shown that
through a unitary evolution of a pure state, thermalization oc-
curs on a local scale, and has pointed out the importance of
the entanglement entropy for thermalization.
Such formal similarities between a reduced density matrix
operator and a Gibbs state may naturally raise a question as
to whether a thermal equilibrium state in statistical mechanics
can emerge from a pure quantum state described by quantum
mechanics. To this end, disentangling the “temperature” from
the entanglement Hamiltonian in a reduced density matrix op-
erator is a crucial step. In this paper, we address this issue by
numerically analyzing the ground states of spin-1/2 antiferro-
magnetic Heisenberg models in two coupled one-dimensional
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2(1D) chains (i.e., two-leg ladder) and in two coupled two-
dimensional (2D) square and triangular lattices (i.e., bilayer
lattice) (see Fig. 1 and Fig. 2). We demonstrate that ther-
mal equilibrium emerges in a partitioned subsystem of a pure
ground state with the temperature that is not a parameter but
is determined by the entanglement von Neumann entropy and
the total energy of the subsystem. This is further ascertained
numerically by the fidelity calculation of the reduced density
matrix operator and the Gibbs state. We also provide two sim-
ple but nontrivial examples, relevant to the Unruh effect or a
two-mode squeezed state in quantum optics and a BCS-type
superconducting state, to support this statement analytically.
The rest of the paper is organized as follows. In Sec. II, we
introduce the Heisenberg Hamiltonian and describe the setup
of bipartitioning the system. We also briefly review the re-
duced density matrix operator for a subsystem of a ground
state and the Gibbs state in the canonical ensemble. In Sec. III,
we show the numerically exact results revealing that the en-
tanglement von Neumann entropy and the total energy of the
subsystem are almost identical with the thermodynamic en-
tropy and the internal energy of the isolated subsystem, re-
spectively, provided that a certain form of the effective tem-
perature is introduced. Moreover, the fidelity between the re-
duced density matrix operator and the Gibbs state is exam-
ined. In Sec. IV, we consider two examples that can be solved
analytically, for which the reduced density matrix operator is
exactly the same as the Gibbs state, thus supporting the nu-
merical finding. In Sec. V, we further discuss the implication
of the emergent thermal equilibrium in a partitioned subsys-
tem of a pure ground state. In Sec. VI, we conclude the pa-
per with remarks on possible application and extension of the
present finding. Additional discussions on the effective tem-
perature, the relative entropy, and the thermofield-double state
are given in Appendices A, B, and C, respectively. Through-
out the paper, we set ~ = 1 and kB = 1.
II. MODEL AND FORMALISM
A. Model and bipartitioning
We consider the spin-1/2 antiferromagnetic Heisenberg
model described by the following Hamiltonian:
Hˆ =
∑
〈i, j〉
Ji j Sˆi · Sˆ j (1)
where 〈i, j〉 runs over all pairs of nearest-neighbor sites i and j
in two coupled 1D chains (i.e., two-leg ladder) or in two cou-
pled 2D square or triangular lattices (i.e., bilayer lattice). Sˆi
is the spin-1/2 operator located at the ith site and the nearest-
neighbor spins are connected with the exchange interaction
Ji j = JA, JB, or λ (see Fig. 1). We denote by N the number of
spins and thus the dimension of the total Hilbert space H is
D = dimH = 2N . We consider the case where the exchange
interactions are antiferromagnetic (Ji j > 0).
To study the entanglement in the ground state of Hˆ, we bi-
partition the Hilbert space H of the whole system into those
JA
JB
FIG. 1. Schematic figure of the whole system A + B consisting of
subsystems A (upper layer indicated by cyan) and B (lower layer in-
dicated by orange), which are coupled via the exchange interaction λ,
indicated by curved black lines. The exchange interactions between
spins in subsystems A and B are JA and JB, respectively.
of subsystems A and B as H = HA ⊗ HB. Accordingly, the
Hamiltonian Hˆ can be written as
Hˆ(λ) = HˆA ⊗ IˆB + IˆA ⊗ HˆB + VˆAB(λ), (2)
where
HˆA = JA
∑
〈i, j〉∈A
Sˆi · Sˆ j, (3)
HˆB = JB
∑
〈i, j〉∈B
Sˆi · Sˆ j, (4)
VˆAB(λ) = λ
∑
〈i, j〉,i∈A, j∈B
Sˆi · Sˆ j, (5)
and IˆA (B) is the identity operator on HA (B) (see Fig. 1). HˆA (B)
is the Hamiltonian of subsystem A (B) and VˆAB(λ) describes
the exchange interaction between subsystems A and B. The
subsystem B considered here is essentially a copy of the sub-
system A except that its interaction strength JB may differ
from JA. We denote by NA (B) the number of spins in sub-
system A (B) and thus the dimension of the Hilbert space for
subsystem A (B) is DA (B) = dimHA (B) = 2NA (B) . Note that
N = NA + NB and D = DADB. The exchange interaction λ
controls the entanglement between subsystems A and B.
Let |Ψ0(λ)〉 be the normalized ground state of Hˆ(λ). Note
that the λ dependency of Hˆ and |Ψ0〉 is explicitly denoted
since we consider the entanglement between subsystems A
and B in the ground state |Ψ0(λ)〉 with varying λ. Although
the ground state should depend on the exchange interactions
as |Ψ0〉 = |Ψ0(JB/JA, λ/JA)〉, here we simply assume the JA
and JB dependency of these quantities.
Four remarks are in order. In our setup, (i) we assume any
finite temperature in neither subsystem A nor subsystem B, (ii)
the volume NB of subsystem B is not necessarily sufficiently
larger than the volume NA of subsystem A (and vice versa),
(iii) we do not assume that the coupling term VˆAB(λ) between
subsystems A and B is negligible as compared to HˆA and HˆB,
3and (iv) a pure state of the whole system A+B is always chosen
as its ground state |Ψ0(λ)〉, and thus any stochastic sampling of
pure states fromH does not apply. Remarks (i)-(iii) imply that
the role of subsystem B is not the heat bath for subsystem A,
unlike in the conventional statistical mechanics. Remark (iv)
implies that our approach do not make use of the typicality
argument.
B. Entanglement entropy and energy of subsystem A
The ground state can be expanded as
|Ψ0(λ)〉 =
D∑
i=1
ci(λ)|i〉 =
DA∑
i=1
DB∑
j=1
ci, j(λ)|i〉A| j〉B, (6)
where {|i〉}Di=1 is the orthonormal basis set in H , and
{|i〉A (B)}DA (B)i=1 is the orthonormal basis set inHA (B). The coeffi-
cients {ci(λ)}Di=1 are rewritten as {ci, j(λ)}DA,DBi=1, j=1 simply by using
the labels i and j for subsystems A and B. The reduced density
matrix operator ρˆredA of subsystem A is now given as
ρˆredA (λ) = TrB [|Ψ0(λ)〉〈Ψ0(λ)|]
=
DB∑
k=1
B〈k|Ψ0(λ)〉〈Ψ0(λ)|k〉B
=
DA∑
i=1
DA∑
j=1
ρredA,i j(λ)|i〉AA〈 j|, (7)
where the reduced density matrix
ρredA,i j(λ) ≡
DB∑
k=1
ci,k(λ)c∗j,k(λ) = [c(λ)c(λ)
†]i j (8)
is introduced with [c(λ)]i j = ci, j(λ). The reduced density ma-
trix ρredA (λ) is hermitian, positive semidefinite, and satisfies
Tr[ρredA (λ)] = 〈Ψ0(λ)|Ψ0(λ)〉 = 1 [39]. The positive semidefi-
niteness of ρredA (λ) follows from the fact that ρ
red
A (λ) is a Gram
matrix as apparently noticed in Eq. (8).
The entanglement entropy SA(λ) of subsystem A is here de-
fined as the von Neumann entropy of the reduced density ma-
trix operator,
SA(λ) ≡ TrA
[
ρˆredA (λ)IˆredA (λ)
]
= −TrA
[
ρˆredA (λ) ln ρˆ
red
A (λ)
]
(9)
with IˆredA (λ) = − ln ρˆredA (λ) being the entanglement Hamilto-
nian. The entanglement entropy satisfies 0 6 SA 6 ln DA,
where the lower bound is achieved when ρˆredA is a pure state
and the upper bound is obtained when ρˆredA is the maximally
mixed state. The energy EA(λ) of subsystem A is calculated
as
EA(λ) ≡ TrA
[
ρˆredA (λ)HˆA
]
= 〈Ψ0(λ)|HˆA ⊗ IˆB|Ψ0(λ)〉. (10)
Note that these quantities are defined using the ground-state
wavefunction |Ψ0(λ)〉 of the whole system Hˆ(λ).
C. Canonical ensemble of subsystem A
Let us consider the canonical ensemble in statistical me-
chanics for the isolated subsystem A without subsystem B. In
the canonical ensemble, the heat bath with temperature T is
assumed and the average of an observable Oˆ in subsystem A
is given as 〈
Oˆ
〉can
β
≡ TrA
[
ρˆcanA (β)Oˆ
]
, (11)
where
ρˆcanA (β) ≡
e−βHˆA
ZA(β)
, (12)
is the Gibbs state, i.e., thermodynamic density matrix op-
erator, β = 1/T is the inverse temperature, and ZA(β) =
TrA
[
e−βHˆA
]
is the partition function. The entropy S A(β) and
the internal energy EA(β) are given, respectively, as
S A(β) =
〈IcanA (β)〉canβ = −TrA [ρˆcanA (β) ln ρˆcanA (β)] , (13)
EA(β) =
〈
HˆA
〉can
β
= TrA
[
ρˆcanA (β)HˆA
]
, (14)
with IˆcanA (β) = − ln ρˆcanA (β).
III. NUMERICAL RESULTS
By numerically analyzing the Heisenberg models described
above, we now demonstrate the emergence of thermal equi-
librium in the partitioned subsystem A by quantum entan-
glement, provided that the temperature is appropriately intro-
duced. First, we briefly review two limiting cases when λ = 0
(i.e., zero entanglement limit) and λ = ∞ (i.e., maximal entan-
glement limit). Next, we show numerical results for general
values of λ.
A. Zero entanglement and zero-temperature limit
When λ = 0, there exists no entanglement between subsys-
tems A and B and any eigenstate of Hˆ(λ = 0) is separable. In
particular, the ground state |Ψ0(λ = 0)〉 is the product state of
the ground states |ψA0 〉 and |ψB0 〉 of subsystems A and B, i.e.,
|Ψ0(λ = 0)〉 = |ψA0 〉|ψB0 〉. Thus, the subsystem A is a pure state
and the reduced density matrix operator of subsystem A is
ρˆredA (λ = 0) = |ψA0 〉〈ψA0 | (15)
with the entanglement von Neumann entry of subsystem A
SA(λ = 0) = 0, (16)
which is the lower bound of SA. The thermodynamic den-
sity matrix operator in the zero-temperature limit is apparently
identical with the reduced density matrix operator at λ = 0,
i.e.,
ρˆcanA (β = ∞) = ρˆredA (λ = 0), (17)
and the thermodynamic entropy is S A(β = ∞) = 0.
4B. Maximal entanglement and infinite-temperature limit
When λ = ∞, the total Hamiltonian Hˆ(λ) is dominated by
VˆAB(λ) and the corresponding ground state |Ψ0(λ = ∞)〉 is a
singlet-pair product state, i.e., the direct product of the spin
singlet states formed by two neighboring spins, each locating
in subsystems A and B. Thus, |Ψ0(∞)〉 has the maximal en-
tanglement between subsystems A and B. After tracing out
subsystem B, the subsystem A is described by the maximally
mixed state (see a similar argument in Ref. [40]) and the re-
duced density matrix operator of subsystem A is
ρˆredA (λ = ∞) =
1
DA
IˆA (18)
with the entanglement von Neumann entropy of subsystem A
SA(λ = ∞) = ln DA = NA ln 2, (19)
which is the upper bound of SA. The thermodynamic density
matrix operator in the infinite-temperature limit is identical
with the reduced density matrix operator at λ = ∞, i.e.,
ρˆcanA (β = 0) = ρˆ
red
A (λ = ∞), (20)
and the thermodynamic entropy is S A(β = 0) = NA ln 2.
C. General values of λ and β
We calculate the ground state |Ψ0(λ)〉 of Hˆ(λ) by the Lanc-
zos method, and evaluate SA(λ) and EA(λ) of subsystem A,
accordingly to the formalism described in Sec. II B. We also
calculate S A(β) and EA(β) of the isolated subsystem A at the
inverse temperature β = 1/T by numerically diagonalizing
the Hamiltonian HˆA (see Sec. II C). The finite-size systems
used for these calculations are shown in Fig. 2. We should
emphasize that the ground state |Ψ0(λ)〉 of Hˆ(λ) is spin sin-
glet (i.e., total spin and thus the z component of the total spin
being both zero) and the total momentum of |Ψ0(λ)〉 is zero,
while the canonical ensemble described in Sec. II C averages
over all eigenstates of HˆA in all spin and momentum symme-
try sectors.
Figure 3 shows the λ dependence of SA(λ) and EA(λ) with
different values of JB/JA. For comparison, the T dependence
of S A(β) and EA(β) is also shown. It is clearly observed that
SA(λ) and EA(λ) increase monotonically with λ. Moreover, as
discussed in Sec. III A and Sec. III B, the ranges of the entan-
glement von Neumann entropy SA(λ) and the thermodynamic
entropy S A(β) with varying λ and T , respectively, as well as
those of EA(λ) and EA(β), agree with each other.
Figure 4 shows the same quantities SA(λ) and EA(λ) but
as a function of an effective temperature defined as TA(λ) =
1/BA(λ) with
BA(λ) = lim
∆λ→0
SA(λ + ∆λ) − SA(λ)
EA(λ + ∆λ) − EA(λ) =
∂λSA(λ)
∂λEA(λ) . (21)
In the numerical calculations, we evaluate BA(λ) for λ > ∆λ
by a central finite difference BA(λ) ≈ (SA(λ + ∆λ) − SA(λ −
(a)
(b)
(c)
FIG. 2. Finite-size clusters of NA = 8, 10, and 12 on (a) the 1D
chain, (b) the 2D square lattice, and (c) the 2D triangular lattice used
for the calculations. Periodic-boundary conditions are applied for all
the clusters. The figures show only the subsystem A, which couples
to the subsystem B with NB = NA when the ground state of the whole
system Hˆ(λ) = HˆA + HˆB + VˆAB(λ) is calculated (see Fig. 1).
∆λ))/(EA(λ+ ∆λ)−EA(λ−∆λ)) with ∆λ/JA = 0.02 fixed. For
comparison, T dependencies of S A(β) and EA(β) of the canon-
ical ensemble are also shown in Fig. 4. Remarkably, for each
lattice structure, SA(λ) for all JB/JA values are on a universal
curve [Figs. 4(a), 4(c), and 4(e)]. Moreover, such a universal
curve essentially coincides with the temperature dependence
of the thermodynamic entropy S A(β) for the corresponding
lattice. The same is also found in the energy EA(λ) and the
internal energy EA(β), as shown in Figs. 4(b), 4(d), and 4(f).
Note that a lack of data points around the limit of TA(λ) = 0
in Fig. 4 is due to the finite-difference scheme employed for
evaluating BA(λ) = TA(λ)−1 in Eq. (21). If smaller ∆λ is cho-
sen, one may find more data points around this limit. We also
note that the form of Eq. (21) for the effective temperature
is apparently analogous to the definition of the inverse tem-
perature in thermodynamics [41], except that there is the mi-
croscopic parameter λ, through which SA(λ) and EA(λ) are
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FIG. 3. (a,c,e) The entanglement von Neumann entropy SA(λ) of subsystem A as a function of λ/JA for several values of JB (symbols) and the
thermodynamic entropy S A(β) of the isolated subsystem A as a function of temperature T (solid line). (b,d,f) The energy EA(λ) of subsystem A
as a function of λ/JA for several values of JB (symbols) and the internal energy EA(β) of the isolated subsystem A as a function of temperature
T (solid line). In (a) and (b), SA(λ) and EA(λ) are calculated for the two coupled 1D chains (i.e., two-leg ladder) with NA = NB = 12, and
S A(β) and EA(β) are calculated for the 1D chain with NA = 12. In (c) and (d), SA(λ) and EA(λ) are calculated for the two coupled 2D square
lattices (i.e., bilayer square lattice) with NA = NB = 12, and S A(β) and EA(β) are calculated for the 2D square lattice with NA = 12. In (e) and
(f), SA(λ) and EA(λ) are calculated for the two coupled 2D triangular lattices (i.e., bilayer triangular lattice) with NA = NB = 12, and S A(β) and
EA(β) are calculated for the 2D triangular lattice with NA = 12.
mediated. The motivation for introducing BA(λ) in the form
of Eq. (21) is further discussed in Sec. V A.
Excellent collapse of different quantities, SA(λ) '
S A(BA(λ)) and EA(λ) ' EA(BA(λ)), implies that the relation
ρˆredA (λ) ' ρˆcanA (BA(λ)) (22)
holds between the reduced density matrix operator ρˆredA (λ) and
the thermodynamic density matrix operator ρˆcanA (β), indepen-
dently of the detail of the subsystem B whose degrees of free-
dom are traced out, as schematically shown in Fig. 5. To quan-
tify the similarity between these two density matrix operators,
we calculate the fidelity F of density matrix operators ρˆ and
σˆ onHA defined as
F(ρˆ, σˆ) =
(
TrA
√√
ρˆσˆ
√
ρˆ
)2
(23)
for ρˆ = ρˆcanA (BA(λ)) and σˆ = ρˆredA (λ). Note that the fi-
delity F(ρˆ, σˆ) = 1 if and only if ρˆ = σˆ, and generally
0 6 F(ρˆ, σˆ) 6 1. Figure 6 shows the fidelity calculated for
the three different lattice structures with JB/JA = 1. As ex-
pected from the discussion in Sec. III A and Sec. III B, the
fidelity tends to 1 in the limits of TA(λ)→ 0 and TA(λ)→ ∞.
More interestingly, the fidelity is kept large even at interme-
diate TA(λ), verifying Eq. (22) quantitatively. However, ex-
cept for the triangular lattice, the fidelity tends to become
smaller with increasing the system size. Obviously, calcula-
tions with larger clusters are desirable to further examine the
finite-size effects, but currently are not feasible due to the ex-
ponentially large computational cost. We note that the fidelity
with JB/JA = 0.5 and JB/JA = 1.5 does not significantly differ
from that with JB/JA = 1.
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FIG. 4. Same as Fig. 3 but SA(λ) and EA(λ) are now plotted as a function of TA(λ).
IV. TWO ANALYTICAL EXAMPLES
To support the numerical finding in Sec. III, here we con-
sider two examples, free bosons and free fermions under pair-
ing field, which can be solved analytically, and show that the
reduced density matrix operator of a partitioned subsystem of
a ground state is identical to the thermodynamic density ma-
trix operator, provided that the effective temperature is prop-
erly introduced as in Eq. (21).
A. Bosons under pairing field
First we analyze the entanglement between free bosons un-
der pairing field by considering the Hamiltonian of the form
in Eq. (2) with
HˆA = ωA
(
aˆ†aˆ +
1
2
)
, (24)
HˆB = ωB
(
bˆ†bˆ +
1
2
)
, (25)
VˆAB(λ) = λ
(
aˆbˆ + bˆ†aˆ†
)
, (26)
where aˆ and bˆ are boson annihilation operators onHA andHB,
respectively. The operators satisfy the commutation relations
[aˆ, aˆ†] = 1, [bˆ, bˆ†] = 1, [aˆ, bˆ†] = 0, and [aˆ, bˆ] = 0. We assume
that ωA > 0, ωB > 0, and |λ| < (ωA + ωB)/2. More precise
restrictions on the parameters are discussed after Eq. (34).
By introducing new bosonic operators αˆ and βˆ via a Bogoli-
ubov transformation as
[
αˆ
βˆ†
]
=
[
cosh θ sinh θ
sinh θ cosh θ
] [
aˆ
bˆ†
]
(27)
with θ satisfying
λ = ω tanh(2θ), (28)
ω =
ωA + ωB
2
, (29)
the Hamiltonian Hˆ(λ) can be diagonalized as
Hˆ(λ) = Ωααˆ†αˆ + Ωββˆ†βˆ + E0, (30)
7Ground state
Finite temperature
λ
β =
∂λSA(λ)
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A
B
A
Trace out
SA(λ), EA(λ)
FIG. 5. Schematic figure featuring that thermal equilibrium at tem-
perature T = 1/β (right) emerges in a bipartitioned subsystem of a
pure ground state by quantum entanglement controlled with λ (left).
This implies that the quantum fluctuation mimics the thermal fluctu-
ation.
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FIG. 6. The fidelity F(ρˆ, σˆ) for ρˆ = ρˆredA (λ) and σˆ = ρˆ
can
A (BA(λ))
as a function of the effective temperature TA(λ) for clusters of NA =
NB = 8, 10, and 12 on (a) the 1D chain, (b) the 2D square lattice, and
(c) the 2D triangular lattice.
where
Ωα =
ωA cosh2 θ − ωB sinh2 θ
cosh2 θ + sinh2 θ
, (31)
Ωβ =
ωB cosh2 θ − ωA sinh2 θ
cosh2 θ + sinh2 θ
, (32)
E0 =
ω
cosh2 θ + sinh2 θ
=
Ωα + Ωβ
2
. (33)
Let us assume
Ωα > 0 and Ωβ > 0. (34)
These inequalities are satisfied for any θ ifωA = ωB. However,
if ωA , ωB, these inequalities are satisfied only in a limited
range of θ. For example, if ωB/ωA < 1, Ωα > 0 is satisfied for
any θ but Ωβ > 0 is satisfied only if tanh2 θ < ωB/ωA < 1. A
similar condition can be found forωA/ωB < 1. Below we only
consider the parameter region that satisfies the inequalities in
Eq. (34).
Since Ωα > 0 and Ωβ > 0, the ground state |Ψ0(λ)〉 of
Hˆ(λ) should be a vacuum state of bosons αˆ and βˆ satisfying
αˆ|Ψ0(λ)〉 = 0 and βˆ|Ψ0(λ)〉 = 0. Using the vacuum states |0〉A
and |0〉B in HA and HB, respectively satisfying aˆ|0〉A = 0 and
bˆ|0〉B = 0, the ground state can be given explicitly as
|Ψ0(λ)〉 = 1cosh θ e
−(tanh θ)aˆ†bˆ† |0〉A|0〉B
=
1
cosh θ
∞∑
n=0
(− tanh θ)n|n〉A|n〉B, (35)
with |n〉A = (n!)−1/2(aˆ†)n|0〉A and |n〉B = (n!)−1/2(bˆ†)n|0〉B. The
entangled state of the form in Eq. (35) has several applications
including the Unruh effect [42, 43] and a two-mode squeezed
state in quantum optics [44].
By tracing out the degrees of freedom in HB from the
ground-state density matrix operator |Ψ0〉〈Ψ0|, we obtain the
reduced density matrix operator of subsystem A:
ρˆredA (λ) =
1
cosh2 θ
∞∑
n=0
(tanh2 θ)n|n〉AA〈n|. (36)
On the other hand, by noticing HˆA|n〉A = ωA(n + 12 )|n〉A, the
thermodynamic density matrix operator of the isolated sub-
system A is given by
ρˆcanA (β) = (1 − e−βωA )
∞∑
n=0
e−βωAn|n〉AA〈n| (37)
= (eβωA/2 − e−βωA/2)
∞∑
n=0
e−βωA(n+
1
2 )|n〉AA〈n| (38)
By comparing Eq. (36) with Eq. (37), it is found that ρˆredA (λ)
is exactly the same as ρˆcanA (β) when β = β
?
A with
β?A = −
1
ωA
ln tanh2 θ (39)
= − 1
ωA
ln
ωλ ±
√(
ω
λ
)2
− 1
2 , (40)
8where + (−) sign is taken for θ > 0 (θ < 0). Figures 7(a) and
7(b) show θ and λ dependence of β?A and T
?
A = 1/β
?
A , respec-
tively. We can furthermore find that the entanglement Hamil-
tonian IˆredA = − ln ρˆredA is proportional to HˆA with coefficient
β?A:
IˆredA = β?AHˆA +
1
2
lnZ2A, (41)
where Z2A = cosh
2 θ sinh2 θ =
(
eβ
?
AωA/2 − e−β?AωA/2
)−2
and
the spectral representation of the number operator aˆ†aˆ =∑∞
n=0 n|n〉AA〈n| is used. Next, we shall show that the inverse
temperature β?A given in Eq. (39) is the same as the effec-
tive inverse temperature BA(λ) = ∂λSA/∂λEA introduced in
Eq. (21).
The effective inverse temperature BA(λ) is evaluated from
the entanglement von Neumann entropy SA(λ) and the energy
EA(λ) of subsystem A for the ground state |Ψ0(λ)〉. Equa-
tion (36) implies that ρˆredA (λ) contains the eigenstate |n〉A of
HˆA with the probability
pn =
(tanh2 θ)n
cosh2 θ
. (42)
Therefore, the entanglement von Neumann entropy SA(λ) is
calculated as
SA(λ) = −TrA
[
ρˆredA (λ) ln ρˆ
red
A (λ)
]
= −
∞∑
n=0
pn ln pn
= (cosh2 θ) ln cosh2 θ − (sinh2 θ) ln sinh2 θ, (43)
where
∑∞
n=0 nx
n = x/(1 − x)2 for |x| < 1 is used in the last
equality. Similarly, the energy EA(λ) is calculated as
EA(λ) = TrA
[
ρˆredA (λ)HˆA
]
= ωA
∞∑
n=0
pn
(
n +
1
2
)
= ωA
(
sinh2 θ +
1
2
)
, (44)
where
∑∞
n=0 pn = 1 is used. We thus find that ∂θSA =
−(2 cosh θ sinh θ) ln tanh2 θ and ∂θEA = 2ωA cosh θ sinh θ.
Therefore, the effective inverse temperature BA(λ) is calcu-
lated as
BA(λ) = ∂λθ ∂θSA
∂λθ ∂θEA = −
1
ωA
ln tanh2 θ = β?A . (45)
From Eqs. (36)–(39) and (45), we can conclude that the rela-
tion
ρˆcanA (BA(λ)) = ρˆredA (λ) (46)
holds exactly and thus is no longer a conjecture in this case.
We note that the relation in Eq. (45) can also be derived
by directly calculating ∂SA/∂EA. Namely, it follows from
Eq. (44) that sinh2 θ = EA
ωA
− 12 and cosh2 θ = EAωA + 12 . Therefore,SA can be expressed in terms of EA as
SA =
(EA
ωA
+
1
2
)
ln
(EA
ωA
+
1
2
)
−
(EA
ωA
− 1
2
)
ln
(EA
ωA
− 1
2
)
, (47)
and thus one can readily show that
∂SA
∂EA = β
?
A . (48)
To confirm more specifically the correspondence between
the two density matrix operators in Eq. (46), let us rewrite the
entanglement von Neumann entropy SA and the energy EA in
terms of β?A , instead of θ. It follows from Eq. (39) that
tanh2 θ = e−β
?
AωA , (49)
cosh2 θ = 1 + nβ?A (ωA), (50)
sinh2 θ = nβ?A (ωA), (51)
where
nβ?A (ωA) =
1
eβ?AωA − 1 (52)
is the Bose-Einstein distribution function at inverse temper-
ature β?A . Substituting Eqs. (50) and (51) into Eqs. (43) and
(44) yields
SA = (1 + nβ?A ) ln(1 + nβ?A ) − nβ?A ln nβ?A , (53)
EA = ωA
(
nβ?A +
1
2
)
, (54)
which are familiar forms of the thermodynamic entropy
and the internal energy of free bosons, respectively. One
can also readily find that the positive square root ZA =(
eβ
?
AωA/2 − e−β?AωA/2
)−1
> 0 of Z2A gives the corresponding par-
tition function, i.e., ZA = TrA
[
e−β?A HˆA
]
.
By doing the same analysis for subsystem B, one can
find the relation between the effective temperatures TA(λ) =
B−1A (λ) and TB(λ) = B−1B (λ) as
TA(λ)/ωA = TB(λ)/ωB. (55)
Finally, we note that all these analyses given above are based
on the ground state in Eq. (35) under the conditions in
Eq. (34). One can readily show that if ωA , ωB, the maxi-
mum of the effective temperature is bounded. For example,
when ωB/ωA < 1, tanh2 θ < ωB/ωA should be satisfied in or-
der to satisfy the conditions in Eq. (34). This implies that
ln (ωA/ωB) < β?AωA < ∞, or equivalently 0 < T?A /ωA <
1/ ln (ωA/ωB).
B. Fermions under pairing field
Next we analyze the entanglement between free fermions
under pairing field by considering the Hamiltonian of the form
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?
A (= 1/β
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A) as a function of (a) θ and (b) λ for the bosonic system with ωA = ωB, and (c) θ and (d) λ for the fermionic system
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in Eq. (2) with
HˆA = A
(
aˆ†aˆ − 1
2
)
, (56)
HˆB = B
(
bˆ†bˆ − 1
2
)
, (57)
VˆAB(λ) = λ
(
aˆbˆ + bˆ†aˆ†
)
, (58)
where aˆ and bˆ are fermion annihilation operators on HA and
HB, respectively. The subtraction of 1/2 in Eqs. (56) and (57)
is made simply to find a formal similarity with the bosonic
case. The operators satisfy the anticommutation relations
{aˆ, aˆ†} = 1, {bˆ, bˆ†} = 1, {aˆ, bˆ†} = 0, and {aˆ, bˆ} = 0. Here
we assume that A > 0 and B > 0. An interpretation of
this assumption is, for example, that we consider the coupling
between two fermion particles (holes) added above (below)
the Fermi sea, with the energies A and B measured from the
Fermi level. More precise restrictions on the parameters are
discussed after Eq. (66).
By introducing new fermionic operators αˆ and βˆ via a Bo-
goliubov transformation as[
αˆ
βˆ†
]
=
[
cos θ − sin θ
sin θ cos θ
] [
aˆ
bˆ†
]
(59)
with θ satisfying
λ =  tan(2θ), (60)
 =
A + B
2
, (61)
the Hamiltonian Hˆ(λ) can be diagonalized as
Hˆ(λ) = ξααˆ†αˆ + ξββˆ†βˆ + E0, (62)
where
ξα = A cos2 θ − B sin2 θ, (63)
ξβ = B cos2 θ − A sin2 θ, (64)
E0 = −(cos2 θ − sin2 θ) = −ξα + ξβ2 . (65)
Similarly to the bosonic case, we assume
ξα > 0 and ξβ > 0. (66)
If A = B, these inequalities are satisfied for − pi4 < θ < pi4 ,
implying that −∞ < λ < ∞. However, if A , B, the range
of θ and hence λ allowed is more restricted. For example, if
B/A < 1, ξα > 0 is satisfied for any θ but ξβ > 0 is satisfied
only if tan2 θ < B/A < 1. A similar condition can be found
for A/B < 1. Below we only consider the parameter region
that satisfies the inequalities in Eq. (66).
Since ξα > 0 and ξβ > 0, the ground state |Ψ0(λ)〉 of
Hˆ(λ) should be a vacuum state of fermions αˆ and βˆ satisfy-
ing αˆ|Ψ0(λ)〉 = 0 and βˆ|Ψ0(λ)〉 = 0. Using the vacuum states
|0〉A and |0〉B inHA andHB, respectively satisfying aˆ|0〉A = 0
and bˆ|0〉B = 0, the ground state can be given explicitly as
|Ψ0(λ)〉 = cos θe(tan θ)aˆ†bˆ† |0〉A|0〉B
= cos θ
1∑
n=0
(tan θ)n|n〉A|n〉B, (67)
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with |n〉A = (aˆ†)n|0〉A and |n〉B = (bˆ†)n|0〉B. The multi-mode-
generalization of the entangled state of the form in Eq. (67) is
the Bardeen-Cooper-Schrieffer (BCS) wave function [45].
By tracing out the degrees of freedom in HB from the
ground-state density matrix operator |Ψ0〉〈Ψ0|, we obtain the
reduced density matrix operator of subsystem A:
ρˆredA (λ) = cos
2 θ
1∑
n=0
(tan2 θ)n|n〉AA〈n|. (68)
On the other hand, by noticing HˆA|n〉A = A(n − 12 )|n〉A, the
thermodynamic density matrix operator of subsystem A is
given by
ρˆcanA (β) =
1
1 + e−βA
1∑
n=0
e−βAn|n〉AA〈n| (69)
=
1
eβA/2 + e−βA/2
1∑
n=0
e−βA(n−
1
2 )|n〉AA〈n| (70)
By comparing Eq. (68) with Eq. (69), it is found that ρˆredA (λ)
is exactly the same as ρˆcanA (β) when β = β
?
A with
β?A = −
1
A
ln tan2 θ (71)
= − 1
A
ln
− λ ±
√(

λ
)2
+ 1
2 , (72)
where + (−) sign is taken for θ > 0 (θ < 0). Figures 7(c) and
7(d) show θ and λ dependence of β?A and T
?
A = 1/β
?
A , respec-
tively. We can furthermore find that the entanglement Hamil-
tonian IˆredA = − ln ρˆredA is proportional to HˆA with coefficient
β?A:
IˆredA = β?AHˆA +
1
2
lnZ2A, (73)
where Z2A = 1/ cos
2 θ sin2 θ =
(
eβ
?
AA/2 + e−β?AA/2
)2
and
the spectral representation of the number operator aˆ†aˆ =∑1
n=0 n|n〉AA〈n| is used. Next, we shall show that the inverse
temperature β?A given in Eq. (71) is the same as the effec-
tive inverse temperature BA(λ) = ∂λSA/∂λEA introduced in
Eq. (21).
The effective inverse temperature BA is evaluated from the
the entanglement von Neumann entropy SA(λ) and the energy
EA(λ) of subsystem A for the ground state |Ψ0(λ)〉. Equa-
tion (68) implies that ρˆredA (λ) contains the eigenstate |n〉A of
HˆA with the probability
pn = cos2 θ(tan2 θ)n, (74)
or more explicitly p0 = cos2 θ and p1 = sin2 θ. Therefore, the
entanglement von Neumann entropy SA(λ) is calculated as
SA(λ) = −TrA
[
ρˆredA (λ) ln ρˆ
red
A (λ)
]
= −
1∑
n=0
pn ln pn
= −(cos2 θ) ln cos2 θ − (sin2 θ) ln sin2 θ, (75)
Similarly, the energy EA(λ) is calculated as
EA(λ) = TrA
[
ρˆredA (λ)HˆA
]
= A
1∑
n=0
pn
(
n − 1
2
)
= A
(
sin2 θ − 1
2
)
. (76)
We thus find that ∂θSA = (2 cos θ sin θ) ln tan2 θ and ∂θEA =
−2A cos θ sin θ. Therefore, the effective inverse temperature
BA(λ) is calculated as
BA(λ) = ∂λθ ∂θSA
∂λθ ∂θEA = −
1
A
ln tan2 θ = β?A . (77)
From Eqs (68)–(71) and (77), we can conclude that the rela-
tion
ρˆcanA (BA(λ)) = ρˆredA (λ) (78)
holds exactly and thus is no longer a conjecture in this case.
We note that the relation in Eq. (77) can be derived also
by directly calculating ∂SA/∂EA. Namely, it follows from
Eq. (76) that sin2 θ = 12 +
EA
A
and cos2 θ = 12 − EAA . There-
fore, SA can be expressed in terms of EA as
SA = −
(
1
2
− EA
A
)
ln
(
1
2
− EA
A
)
−
(
1
2
+
EA
A
)
ln
(
1
2
+
EA
A
)
,
(79)
and thus one can readily show that
∂SA
∂EA = β
?
A . (80)
To confirm more specifically the correspondence between
the two density matrix operators in Eq. (78), let us rewrite the
entanglement von Neumann entropy SA and the energy EA in
terms of β?A , instead of θ. It follows from Eq. (71) that
tan2 θ = e−β
?
AA , (81)
cos2 θ = 1 − fβ?A (A), (82)
sin2 θ = fβ?A (A), (83)
where
fβ?A (A) =
1
eβ?AA + 1
(84)
is the Fermi-Dirac distribution function at inverse temperature
β?A . Substituting Eqs. (82) and (83) into Eqs. (75) and (76)
yields
SA = −(1 − fβ?A ) ln(1 − fβ?A ) − fβ?A ln fβ?A , (85)
EA = A
(
fβ?A −
1
2
)
, (86)
which are familiar forms of the thermodynamic entropy and
the internal energy of free fermions, respectively. One can
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also readily find that the positive square root ZA = eβ
?
AA/2 +
e−β?AA/2 > 0 of Z2A gives the corresponding partition function,
i.e., ZA = TrA
[
e−β?A HˆA
]
.
By doing the same analysis for subsystem B, one can
find the relation between the effective temperatures TA(λ) =
B−1A (λ) and TB(λ) = B−1B (λ) as
TA(λ)/A = TB(λ)/B. (87)
We also note that all these analyses given above are based on
the ground state in Eq. (67) under the conditions in Eq. (66).
As in the bosonic case, one can readily show that if A , B,
the maximum of the effective temperature is bounded. For
example, when B/A < 1, tan2 θ < B/A should be satisfied
in order to satisfy the conditions in Eq. (66). This implies
that ln (A/B) < β?AA < ∞, or equivalently 0 < T?A /A <
1/ ln (A/B).
Finally, we briefly describe the correspondence between
the BCS Hamiltonian and the present Hamiltonian discussed
in this section. The BCS Hamiltonian HˆBCS is generally de-
scribed by the following Hamiltonian in the momentum space:
HˆBCS =
∑
k,σ
ξkcˆ
†
kσ
cˆkσ + ∆
∑
k
(
cˆk↑cˆ−k↓ + cˆ†−k↓cˆ
†
k↑
)
, (88)
where cˆ†
kσ
(cˆkσ) is the creation (annihilation) operator of elec-
tron with momentum k and spin σ (=↑, ↓), ξk = εk − µ, εk is
the single-particle dispersion of electrons, and µ is the chem-
ical potential. Note that the spatial dimensionality is not as-
sumed. We now introduce the following canonical transfor-
mation:
cˆ†
k↑ → aˆ†k, cˆ†−k↓ → bˆ†k (for ξk > 0), (89)
cˆ−k↓ → aˆ†k, cˆk↑ → bˆ†k (for ξk < 0), (90)
where aˆ†
k
and aˆk (bˆ
†
k
and bˆk) satisfy the anticommutation re-
lations, e.g., {aˆk, aˆ†k′ } = δk,k′ and {aˆk, bˆ†k′ } = 0. With this
canonical transformation, the BCS Hamiltonian is rewritten
as
HˆBCS =
∑
k (ξk>0)
[
ξk
(
aˆ†
k
aˆk + bˆ
†
k
bˆk
)
+ ∆
(
aˆkbˆk + bˆ
†
k
aˆ†
k
)]
+
∑
k (ξk<0)
[
−ξk
(
aˆ†
k
aˆk + bˆ
†
k
bˆk
)
+ ∆
(
aˆkbˆk + bˆ
†
k
aˆ†
k
)]
+ 2
∑
k (ξk<0)
ξk (91)
=
∑
k
[
|ξk|
(
aˆ†
k
aˆk − 12
)
+ |ξk|
(
bˆ†
k
bˆk − 12
)
+ ∆
(
aˆkbˆk + bˆ
†
k
aˆ†
k
)]
+
∑
k
ξk. (92)
Here
∑
k (ξk>0) (
∑
k (ξk<0)) indicates the sum over kwith ξk > 0
(ξk < 0) and we assume that ξk = ξ−k. Therefore, apart from
the irrelevant constant term, each component with a given mo-
mentum k in the BCS Hamiltonian HˆBCS is exactly the same
as the Hamiltonian Hˆ(λ) = HˆA + HˆB + VˆAB(λ) in Eqs (56)–
(58) with the correspondence of A = B ↔ |ξk| and λ ↔ ∆.
For example, the ground state of HˆBCS is thus given simply
as a product state of |Ψ0(λ = ∆)〉 in Eq. (67) over all mo-
menta. Following the same argument given above in this sec-
tion, we can conclude that the reduced density matrix operator
of subsystem A for the ground state of the BCS Hamiltonian is
exactly the same as the thermodynamic density matrix opera-
tor of the isolated subsystem A with the effective temperature
introduced in Eq. (21). However, we should note that bipar-
titioning of the whole Hilbert space is not trivial because the
subsystem A consists of Hilbert space for up electrons with
ξk > 0 and down electrons with ξk < 0, i.e., the subsystem A
being described by
HˆA =
∑
k
|ξk|
(
aˆ†
k
aˆk − 12
)
=
∑
k (ξk>0)
ξk
(
cˆ†
k↑cˆk↑ −
1
2
)
+
∑
k (ξk<0)
ξk
(
cˆ†
k↓cˆk↓ −
1
2
)
.
(93)
V. DISCUSSIONS
A. Insights of the effective inverse temperature BA(λ)
The observation from the numerical calculations in Sec. III
as well as two analytical examples in Sec. IV leads us to con-
jecture that a canonical ensemble with the inverse temperature
β = BA(λ) (94)
could emerge by quantum entanglement in a partitioned sub-
system of a pure ground state. This assertion is highly non-
trivial as β in the left-hand side is a given inverse tempera-
ture in the canonical ensemble, while BA(λ) in the right-hand
side is evaluated in the entangled pure ground state |Ψ0(λ)〉 of
Hˆ(λ). Here, we further discuss the observation summarized in
Eqs. (22) and (94) to gain more insights. Note however that
we intend to prove neither Eq. (22) nor Eq. (94).
1. Product state and additivity
Let us first briefly review the additivity of the entanglement
von Neumann entropy by considering a product state [46].
Consider a system W that is composed of subsystems X and Y .
Note that these are nothing to do with system A+B consisting
of subsystems A and B considered in the previous sections.
Let ρˆX (Y) be the density matrix operator of subsystem X (Y),
and suppose that the density matrix operator ρˆW of the total
system is given as a product state of ρˆX and ρˆY , i.e.,
ρˆW = ρˆX ⊗ ρˆY , (95)
implying no entanglement between subsystems X and Y . Then
the entanglement von Neumann entropy Ss (s = W, X, or Y)
defined as
Ss = −Trs [ρˆs ln ρˆs] (96)
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possesses the additivity
SW = SX + SY . (97)
Next, let us consider the additivity of the energy. For this
purpose, we introduce Hamiltonian. Let HˆX (Y) be the Hamil-
tonian of subsystem X (Y), and suppose that the total Hamil-
tonian HˆW of the system W is given as
HˆW = HˆX ⊗ IˆY + IˆX ⊗ HˆY , (98)
implying no interaction between subsystems X and Y . Notice
that any eigenstate of HˆW is given as a product of eigenstates
of HˆX and HˆY , satisfying the form in Eq. (95). Then the energy
Es defined as
Es = Trs
[
ρˆsHˆs
]
(99)
possesses the additivity
EW = EX + EY . (100)
2. Functional form of density matrix operator
Now we show that the Gibbs state, i.e., the thermodynamic
density matrix operator, arises if a particular functional form
for a density matrix operators is assumed. Let us assume that
the density matrix operator ρˆs of each system depends on its
own Hamiltonian Hˆs with a common functional form ρ(·), i.e.,
ρˆs
!
= ρ(Hˆs). (101)
This assumption implies that ρˆs commutes with Hˆs and hence
ρˆs and Hˆs are simultaneously diagonalizable. According to
the Liouville-von Neumann equation i ∂ρˆs
∂t = [Hˆs, ρˆs] with t
being the time, ρˆs in the form of Eq. (101) is a stationary state
that does not evolve in time via the unitary evolution with the
Hamiltonian Hˆs.
Under the assumption in Eq. (101), Eq. (95) can be written
as
ρ(HˆX ⊗ IˆY + IˆX ⊗ HˆY ) = ρ(HˆX) ⊗ ρ(HˆY ). (102)
Equation (102) implies that ρ(Hˆs) is an exponential function
of Hˆs. Further taking into account the hermiticity ρ(Hˆs)† =
ρ(Hˆs) and the normalization Trs[ρ(Hˆs)] = 1, we can infer that
the form of ρ(Hˆs) should be
ρ(Hˆs) =
e−β?Hˆs
Trs[e−β
?Hˆs ]
= ρˆcans (β
?), (103)
with β? real. Note that β? can be either negative or positive,
provided that the spectrum of Hˆs is bounded. Obviously from
the assumption in Eq. (101), β? is common in subsystems X
and Y as well as the system W, otherwise Eq. (103) does not
satisfy Eq. (102) in general. Such a “common temperature”
property of β? required for the additivity of the entanglement
von Neumann entropy and the energy is analogous to the prop-
erty of the thermodynamic temperature characterizing equi-
librium between subsystems X and Y . Thus the Gibbs state
as well as the inverse-temperature-like real number β? have
arisen from the assumption in Eq. (101).
3. β? as a derivative of entanglement entropy and energy
Now we derive Eq. (94) by assuming the functional form of
Eq. (101) even when there exists an interaction between sub-
systems, as in the case studied in Sec. III. Under this assump-
tion, the reduced density matrix operator ρˆredA (λ) of subsystem
A has the form as in Eq. (103), i.e.,
ρˆredA (λ)
!
= ρˆcanA (β
?) =
e−β?HˆA
ZA(β?)
(104)
with β? real. In our setting, the parameter λ does not enter in
HˆA but ρˆredA (λ) should depends on λ through β
?, i.e.,
β? = β?(λ). (105)
As described in details in Appendix A, considering the rela-
tive entropy D(ρˆ1|ρˆ0) = Tr [ρˆ1 ln ρˆ1] − Tr [ρˆ1 ln ρˆ0] with ρˆ0 =
ρˆredA (λ) and ρˆ1 = ρˆ
red
A (λ + ∆λ), we obtain that
D(ρˆ1|ρˆ0) = β?(λ) [EA(λ + ∆λ) − EA(λ)]
− [SA(λ + ∆λ) − SA(λ)] . (106)
Since D(ρˆ1|ρˆ0) = O((∆λ)2) [see Ref. [47] and also Eq. (A6) in
Appendix A], we finally obtain, by solving the above equation
with respect to β?(λ), that
β?(λ) =
SA(λ + ∆λ) − SA(λ)
EA(λ + ∆λ) − EA(λ) + O
(
(∆λ)2
)
=
∆λ→0
BA(λ), (107)
leading to the form of Eq. (21) and consistent with the obser-
vation in Eqs. (22) and (94).
Remarkably, the functional form of the reduced density ma-
trix operator as in Eq. (101) has been proven to be valid for a
certain class of topological quantum states [28] and we have
also already shown that it is the case for the two examples
described in Sec. IV. Although such a dependence of the re-
duced density matrix operator on the Hamiltonian is in general
not necessarily valid, our numerical results suggest that the re-
duced density matrix operator of a partitioned subsystem for
the ground state of the Heisenberg models in the two-leg lad-
der and the bilayer lattices can be well approximated in the
form of Eq. (101), which describes the Gibbs state with the
effective inverse temperature BA(λ). Finally, we note that the
effective inverse temperature BA(λ) of subsystem A differs in
general from the effective inverse temperature BB(λ) of sub-
system B (see Sec. IV and Appendix B).
B. Thermal and quantum fluctuations
Let us now discuss an association between thermal and
quantum fluctuations. The quantities WA ≡ eS A and WA ≡
eSA , each satisfying 1 6 WA 6 DA and 1 6WA 6 DA, can be
regarded as effective numbers of microscopic pure states that
contribute to the thermodynamic and reduced density matrix
operators, respectively. Considering that fluctuations are in-
duced by a statistical mixture of microscopic states in a den-
sity matrix operator, S A and SA may serve as a measure of the
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thermal fluctuation due to the temperature and as a measure of
the quantum fluctuation due to the quantum entanglement, re-
spectively. The almost indistinguishable agreement between
S A vs. T and SA vs. TA(λ) found numerically in Sec. III
(and also the exact agreement in the case of two analytical ex-
amples in Sec. IV) suggests that the quantum fluctuation in
the partitioned subsystem A coupled to the other subsystem
via the coupling parameter λ can mimic the thermal fluctua-
tion in the isolated subsystem A at the temperature T = TA(λ)
and vice versa (see Fig. 5). In other words, the mixture of
microscopic states caused by either temperature or quantum
entanglement is essentially indistinguishable, at least, for the
quantities studied here. A related discussion on thermal and
quantum fluctuations has also been reported in Ref. [48].
VI. CONCLUSION AND REMARKS
In conclusion, by numerically analyzing the spin-1/2 an-
tiferromagnetic Heisenberg model in the two-leg ladder and
the bilayer lattices, we have demonstrated that thermal equi-
librium can emerge in a partitioned subsystem A of a pure
ground state by quantum entanglement. The emergent ther-
mal equilibrium is almost indistinguishable from the canon-
ical ensemble with the temperature TA(λ) that is determined
from the entanglement von Neumann entropy and the energy
of the subsystem. This implies that the reduced density ma-
trix operator of the subsystem is almost identical to the Gibbs
state, i.e., thermodynamic density matrix operator, with tem-
perature TA(λ). This is further supported by two simple but
nontrivial examples, for which one can show analytically that
the two density matrix operators are exactly the same with
temperature TA(λ).
Once we accept that the reduced density matrix opera-
tor ρˆredA (λ) represents a thermodynamic density matrix op-
erator that describes a statistical ensemble of subsystem A
at thermodynamic temperature TA(λ), our scheme provides
an alternative way to calculate finite-temperature properties
based on pure ground-state quantum-mechanical calculations,
as demonstrated in Sec. III C. Our scheme is similar to those
based on purification [49–53] (see Appendix C), but has sev-
eral advantages. For example, a parallel calculation with re-
spect to different temperatures is possible merely by calcu-
lating the ground states |Ψ0(λ)〉 with different values of λ in-
dependently, and no imaginary-time-evolution-type calcula-
tions, which apply exp(−βHˆA)⊗IˆB to some states, are required.
However, it is not straightforward to have a desired “tempera-
ture” because TA(λ) is not an input parameter but is evaluated
from the entanglement von Neumann entropy and the energy,
similarly to microcanonical ensemble methods [23, 54, 55].
In order to have quantitative agreement between the entan-
glement von Neumann entropySA and the thermodynamic en-
tropy S A, the entanglement von Neumann entropy SA should
obey the volume law, instead of the area law, because the ther-
modynamic entropy S A is an extensive quantity. This implies
that the subsystem B should be at least as large as the sub-
system A, i.e., NB > NA. The lower bound NB = NA, or
equivalently N = NA + NB = 2NA, is in fact consistent with
the system size that is required for the purification of a mixed
state ρˆredA .
Technically, the doubling of the system size NA for a pure
ground state calculation becomes immediately intractable
with increasing NA by the exact diagonalization method sim-
ply because of the exponential increase of computational cost
with respect to the system size. The density matrix renor-
malization group (DMRG) method [56] might be a choice
of methods for overcoming this difficulty especially for 1D
systems. However, since the entanglement von Neumann en-
tropy should obey the volume law, a large amount of com-
putational resource may be required in DMRG calculations
to obtain accurate results even for 1D systems. Another possi-
bility would be quantum computation for many-body systems,
for which a quantum algorithm to compute the entanglement
spectrum [57] can be used.
Although the fidelity F of the two density matrix operators
is found to be close to 1, the largest deviation from 1 occurs
at some particular TA(λ), around which the finite size effect
seems to be the largest (see Fig. 6). Therefore, it is desirable
to examine the finite size effect more systematically. The ex-
tension of the present study to other systems such as larger
spins or interacting fermionic systems is also highly interest-
ing to understand under what conditions thermal equilibrium
can emerge in a subsystem of a pure ground state by quan-
tum entanglement. These studies are certainly beyond the
currently available computational power and are left for fu-
ture work. Finally, we note that for testing and extending the
present study, not only numerical calculations, but rather ex-
periments for cold atom systems [38, 58] would be promising.
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Appendix A: Relative entropy
1. Definition
For density matrix operators ρˆ0 and ρˆ1, the relative entropy
D(ρˆ1|ρˆ0) is defined as [59–61]
D(ρˆ1|ρˆ0) = Tr [ρˆ1 ln ρˆ1] − Tr [ρˆ1 ln ρˆ0] > 0. (A1)
The equality is satisfied if and only if ρˆ1 = ρˆ0. In terms of the
entanglement entropy S(ρˆ) = −Tr[ρˆ ln ρˆ], the relative entropy
can be rewritten as
D(ρˆ1|ρˆ0) = −Tr [(ρˆ1 − ρˆ0) ln ρˆ0] − [S(ρˆ1) − S(ρˆ0)] . (A2)
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FIG. 8. Schematic figure of the relative entropy Dλ(∆λ) = D(ρˆ(λ +
∆λ)|ρˆ(λ)) for small |∆λ| (red thick line), showing that Dλ(0) = 0 and
dDλ(0)/dλ = 0. Blue dashed line indicates a function proportional to
(∆λ)2, for comparison.
2. Relative entropy for two close density matrix operators
We now consider a density matrix operator ρˆ(λ)
parametrized by λ. Suppose that ρˆ0 = ρˆ(λ) and ρˆ1 = ρˆ(λ+∆λ).
For convenience, let us simply write the relative entropy as
Dλ(∆λ) ≡ D(ρˆ(λ + ∆λ)|ρˆ(λ)). (A3)
The Taylor expansion of Dλ(∆λ) around ∆λ = 0 is
Dλ(∆λ) = Dλ(0) +
dDλ(∆λ)
dλ
∣∣∣∣∣
∆λ=0
∆λ + O
(
(∆λ)2
)
. (A4)
Since Dλ(0) = 0, the first term in the right hand side of
Eq. (A4) vanishes. Moreover, the first derivative vanishes at
∆λ = 0, i.e.,
dDλ(∆λ)
dλ
∣∣∣∣∣
∆λ=0
= 0. (A5)
This can be shown by substituting the Taylor expansion ρˆ(λ +
∆λ) = ρˆ(λ) + dρˆ(λ)dλ ∆λ + O
(
(∆λ)2
)
into Eq. (A2) and using
Tr
[
dρˆA(λ)
dλ
]
= ddλTr
[
ρˆA(λ)
]
= 0. Since Dλ(∆λ) > 0 for ∆λ , 0,
the vanishing of the first derivative in Eq. (A5) implies that
Dλ(∆λ) is differentiable at ∆λ = 0 (see Fig. 8), as discussed in
Ref. [47]. We thus find that
Dλ(∆λ) = O
(
(∆λ)2
)
. (A6)
Appendix B: Effective temperature in subsystem B
In Sec. III, we have found excellent agreement between
statistical-mechanical quantities such as the thermodynamic
entropy S A(β) and the internal energy EA(β) for an isolated
subsystem A and quantum-mechanical quantities such as the
entanglement von Neumann entropy SA(λ) and the energy
EA(λ) of a partitioned subsystem A for a ground state of the
whole system A + B, provided that the thermodynamic tem-
perature T = 1/β in the former is set properly to the effective
temperature TA(λ) determined in the latter. A natural question
is now how the effective temperature TB(λ) of the subsystem
B behaves. Here, 1/TB(λ) is defined as in Eq. (21) but with
the energy EB(λ) of the subsystem B instead of EA(λ) of the
subsystem A [note that SB(λ) = SA(λ)]. Because of the in-
teraction term VˆAB(λ), there exists quantum entanglement be-
tween subsystems A and B. This is different from the case
discussed in Sec. V A 2, where no interactions are assumed
between subsystems X and Y , and hence TA(λ) , TB(λ) is
expected in general.
Figure 9 shows the effective temperature TB(λ)/JB of sub-
system B as a function of TA(λ)/JA for the three different lat-
tices studied in Sec. III. We find that TA(λ)/JA ' TB(λ)/JB
even for JB/JA , 1. Apparently, this relation is somewhat
similar to the common temperature condition in thermody-
namics, which is a consequence of the equilibrium between
two subsystems. However, the important distinction is that
here the microscopic energy scales JA and JB of subsystems
A and B, respectively, which are absent in thermodynamics,
enters in the relation. Moreover, the relatively simple rela-
tion between TA(λ) and TB(λ) found here might be due to our
setting of the Hamiltonian where HˆB = (JB/JA)HˆA. Finally,
we note that the same relation is exactly satisfied in the two
analytical examples discussed in Sec. IV.
Appendix C: Thermofield-double-like state
In terms of the Schmidt decomposition of the ground-state
wavefunction |Ψ0(λ)〉, the assumption in Eq. (104) along with
Eq. (107) can be rephrased as
|Ψ0(λ)〉 !=
DA∑
n=1
e−BA(λ)An /2√
ZA(BA)
|ψAn 〉A|gn〉B, (C1)
where |ψAn 〉A is the nth eigenstate of HˆA with its eigenvalue An
and {|gn〉B} is a orthonormal basis set of subsystem B. The pu-
rification of ρˆredA (λ) in Eq. (C1) resembles to the thermofield
double state [39]. Indeed, if the subsystem B is selected to be
equivalent to the subsystem A, the right hand side in Eq. (C1)
should reproduce the thermofield double state for the subsys-
tem A at temperature 1/BA(λ).
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FIG. 9. The effective temperature TB(λ)/JB of subsystem B as a
function of the effective temperatureTA(λ)/JA of subsystem A for the
spin-1/2 antiferromagnetic Heisenberg model in (a) the two coupled
1D chains (i.e, two-leg ladder), (b) the two coupled 2D square lattice
(i.e., bilayer square lattice), and (c) the two coupled 2D triangular
lattice (i.e., bilayer triangular lattice) with NA = NB = 8.
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